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Abstract 


We define and prove the existence of a fractional Brownian motion in¬ 
dexed by a collection of closed subsets of a measure space. This process is 
a generalization of the set-indexed Brownian motion, when the condition 
of independance is relaxed. Relations with the Levy fractional Brownian 
motion and with the fractional Brownian sheet are studied. We prove sta- 
tionarity of the increments and a property of self-similarity with respect to 
the action of solid motions. Moreover, we show that there no ’’really nice” 
set indexed fractional Brownian motion other than set-indexed Brownian 
motion. Finally, behavior of the set-indexed fractional Brownian motion 
along increasing paths is analysed. 

AMS classification: 62 G 05, 60 G15, 60 G17, 60 G18. 

Keywords: fractional Brownian motion, Gaussian processes, stationarity, 
self-similarity, set-indexed processes. 

1 Introduction 

Recently, different developments around fractional Brownian motion were set 
up and widely used to describe complex or chaotic phenomena in several fields 
of sciences. For instance, let us mention theoretical aspects such as stochastic 
calculus with respect to fBm (e. g. |3]), and some more applied aspects such as 
its use in finance (nni, ED) or in data traffic modeling (ini). Here we define a 
new very natural set-indexed generalization of fractional Brownian motion. The 
set-indexed fractional Brownian motion studied here seems to be well-adapted 
to model problems in applied mathematics (see m)- 

Fractional Brownian motion was defined by B. B. Mandelbrot and J. W. Van 
Ness, and extended essentially into two directions. One is generally called mul- 
tifractional Brownian motion, replacing the index parameter of self-similarity 
(called also the Hurst parameter) by a real measurable function (see a, m)- 
The other one are multiparameter fractional Brownian motions in which the set 
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of the indices is a subset of the Euclidean space (see m] and |21] for 
trajectory properties). 

At least two types of multiparameter fractional Brownian motions were in¬ 
troduced. One is called Levy fractional Brownian motion because it extends 
Levy Brownian motion and the other is called fractional Brownian sheet be¬ 
cause it can be seen as an extension of the Brownian sheet. We refer to [7] for a 
survey on all these processes. Moreover, in some multiparameter extensions 
of multifractional Brownian motion are well studied. 

The frame of set-indexed processes is not only a new step of generalization 
of multiparameter processes, but it provides a real tool in modeling (e. g. CD- 
Then a set-indexed extension of fractional Brownian motion is hoped to provide 
a powerful model for multidimensional phenomena. The set-indexed fractional 
Brownian motion introduced here is a simple extension of set-indexed Brown¬ 
ian motion, also called white noise (see [2], m, ini and m for studies and 
applications), and possesses the main properties required for fractional Brown¬ 
ian motion. Moreover, by choosing the class of sets parametrizing the process, 
we get great flexibility and possibilities to obtain particular types of fractional 
Brownian motion. 

In this paper, we prove that our definition of set-indexed fractional Brownian 
motion satisfies both self-similarity and a condition of stationarity. Moreover 
such a process is a time-changed classical fractional Brownian motion on each 
increasing path (flow). 

Conversely, we compute the covariance function of any self-similar and station¬ 
ary set-indexed process. For Gaussian processes, we get an extension of our 
set-indexed fractional Brownian motion. 

This paper is divided as follow : 

In the next section, we present the general framework needed for set-indexed 
processes. We define the concept of set-indexed fractional Brownian motion 
(sifBm). We prove existence of this process showing that its covariance function 
is positive definite. Moreover, we compare our definition to previous definitions 
given in some particular cases and our definition seems to be quite natural and 
satisfactory. The two fractal properties which are stationarity and self-similarity 
are studied in section 3. As it will be see, stationarity of increments can be 
defined in different non equivalent ways. In section 4, we discuss the possibility 
of finding a characterization of set-indexed fractional Brownian motion by the 
two main properties: stationarity and self-similarity. Moreover, we show that 
there no ’’really nice” set indexed fractional Brownian motion other than set- 
indexed Brownian motion. More precisely, theorem 14.41 states that the only set- 
indexed Gaussian process satisfying E (AXc)'^ = (VC S C), where 


m is the Lebesgue measure, AX the increment process, and H G (0,1), is the 
white noise {H = 1/2). Section 5 deals with the problem of continuity. In fact, 
we show that sifBm is continuous when set-indexed Brownian motion is also 
continuous. Finally in the last section, we study sifBm on increasing paths. 
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2 Framework and definition 

2.1 Indexing collection, set-indexed processes 

Let T be a locally compact complete separable metric and measure space with 
metric d and measure m. All processes will be indexed by a class A of compact 
connected subsets of T. 

In what follows, for any class of sets P, the class of finite unions of sets from 
T) will be denoted by T>{u). In the terminology of we assume that A is an 
indexing collection: 

Definition 2.1 A nonempty class A of compact, connected subsets of T is 
called an indexing collection if it satisfies the following: 

1. ib € A, and A° A if A {0,T}. In addition, there exists an increasing 

sequence (^ra)„gjv ™ A{u) such that T = UnGJV'^ra- 

2. A is closed under arbitrary intersections and if A, B G A are nonempty, 
then A{^ B is nonempty. If (Ai) is an increasing sequence in A and if 
there exists n € N s. t. for all i, Ai C then IJ^ Ai G A. 

3. The a-algebra generated by A, cr(A) = jB, the collection of all Borel sets 
ofT. 

4- Separability from above 

There exists an increasing sequence of finite subclasses An = {A", A^ } 
of A closed under intersections and satisfying ^,Bn € A„(u) and a se¬ 
quence of functions gn '■ A A„(u) U {T} such that 

(o:) dn preserves arbitrary intersections and finite unions (i.e. 
gninAeA'^) = r\AeA'9n{A) for any A' C A, and if Ui=i = 
U7=i A', then Uti 9 n{A,) = dniA')), 

(b) for each A G A, A C {gn{A))°, 

(c) gn{A) C gm{A) ifn>m, 

(d) for each A € A, A = dniA) , 

(e) if A, A' G A then for every n, gn(A) A ^ A, and if A S An then 
dniA) n A' S An- 

(f) dni^) = 0 Vn. 

5. Every countable intersection of sets in A{u) may be expressed as the clo¬ 
sure of a countable union of sets in A. 

(Note: ‘ C ’ indicates strict inclusion and '(•) ’ and‘{-)° ’ denote respectively the 
closure and the interior of a set.) 

We shall define the semi-algebra C to be the class of all subsets of T of the 
form 

C = A\B, AeA, B £ A{u). 

C is closed under intersections and any set in C{u) may be expressed as a finite 
disjoint union of sets in C. Note that if B = lJi=i Ai € A(u), without loss of 
generality we can require that for each i, Ai 2 [Jj^i Aj- Such a representation 


3 



of S G A{u) will be called extremal. If C = A \ B, Ad A, B G A{u), then the 
representation of C is called extremal if that of B is. Unless otherwise stated, 
it will always be assumed that all representations of sets in A{u) and C are 
extremal. 

Numerous examples of topological spaces T and indexing collections A sat¬ 
isfying the preceding assumptions may be found in m In particular, our 
framework generalizes the usual multiparameter setting: if T = then the 
class A= {[0,t] : t e R-+} U {0} satisfies all the assumptions. More generally, 
we can allow A to consist of all the lower layers of R:^: a set A is a lower layer 
if [0, t] CA,yte A. 

Now, let P) be any complete probability space. A filtration (indexed 

by A) is a class {Ta : A G A} of complete sub-cr-fields of fF which satisfies the 
following conditions: 

• VA, B G A, TA F fFs , if A C P. 

• Monotone outer-continuity: = H for any decreasing sequence 

(A,) in A. 

Definition 2.2 A (A -indexed) stochastic process X = {Xa '■ A G A} is a 
collection of random variables indexed by A with X^ = 0, and is said to be 
adapted if Xa is fFA-^neasurahle, for every A G A. X is said to be integrable 
(square integrable) if E [iXyil] < oo (E < oo) for every A G A. 

Remark 2.3 Any multiparameter process X can be considered as a set-indexed 
process X, setting T = R+, A = {[0, t]; t G R+} and Xt = ^[o,t]- 

Definition 2.4 A (A-indexed) stochastic process X is additive if it has an (al¬ 
most sure) additive extension toC{u): i.e., X^ = 0 and if C,Ci,C 2 G C{u) with 
C = C\\J C 2 and Ci n (72 = 0, then almost surely 

Aci -b Xc2 = Xc- 

In addition to assuming that X^ = 0, to avoid technicalities we will generally 
assume as well that X^, = 0, where 0' := HagA 

Definition 2.5 A n additive process X is increasing if Xq > 0 V(7 G C and if 
for any decreasing sequence {An) in A, A(p|^ A„) = lim„ A(A„). 

It is observed in Corollary 1.4.11 of m that an increasing process in fact 
defines a measure on B for each oj G Fl. 

Definition 2.6 Let K be a non-negative increasing function defined on A with 
A 0 = 0. We say that an A-indexed additive process X is a Brownian mo¬ 
tion with variance measure A if Ag = 0, and if for disjoint sets (7i,..., (7„ G 
C, Xci, ■ ■ ■, Xcn are independent mean-zero Gaussian random variables with 
variances Aci, ...Ac„, respectively. 
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2.2 Increments of a set-indexed process 

The notion of increments for a set-indexed process X = {Xu] U G A} is not 
as simple as in the case of real indices, where it is only the difference between 
values of the process. 

In the case of multiparameter processes, we use to define the increment 
between s,t G It+ by 

^ (-1)^-2:.( 1 ) 

which is different from the simple difference Xt — Xg (see [ 7 ]). 

In the case of set-indexed processes, the increments are defined from the 
collection of subsets C. 

For all C = 17 \ Ui<i<n define the increment of the process A on C by 

n 

AXc = Xu-^Xu^Ui+^ ^c/n(Ci G\Ui) -+ (“l)"^c/n(ni<i<„ Ui) (2) 

i=l i<j 

According to remark l2..‘II this expression, applied to the multiparameter case, 
gives the definition 0 of the increments. 

In the following, it would be important to consider the particular increments 
Co = {C = U\V; U,V G A}. Moreover the definition of the increment process 
AX can be extended to C{u), the finite unions of elements of C. Particularly, 
for all U,V G A, AXuav is well-defined. 

Remark 2.7 The process AX could be seen as an extension of the process X 
for the set of indices C. For all A G A C C, we have AXa = Xa (because 
A = A\%). 

In the case of an additive process, the definition of the increment AXc coincides 
with the additive extension of Xc to C G C. However, if X is not additive, which 
is the case of a direct definition of the process for the set of indices C, in general 
AXc 7 ^ Ac for C G C. For this reason, we use a different notation for the 
increments of X. 

Remark 2.8 If X = {Xu] U G A} is Gaussian, then AX = {AAc; C gC} 
is clearly Gaussian. 


2.3 Definition of sifBm 


Recall that the fractional Brownian motion is defined to be a mean-zero 
Gaussian process such that 


Vs, t G R+; 


E 


(B, 



\t-s\^^ 


The natural set-indexed extension of this process is to substitute the term \t — 
sp^ with d{U, , where d is some distance between two subsets of T. In this 
paper, we consider the choice of d{U, V) = m{U A V), where A is the symmetric 
difference between two sets and m is a measure on T. 


Lemma 2.9 Let m be a finite measure on T. For all a G (0,1], the function 
{U, V) ^ m(C/)“ -k m(P)“ - m{U A y)“ 

is positive definite. 
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Proof For all measurable subset U of T such that m{U) < +oo, we define the 
elementary function f = Ijj. Finite linear combinations of elementary functions 
are called simple functions. It is well-known that simple functions are dense in 

Moreover, for all U,V C T, we have 

l(7Ay = 1(C/\V)U(V^\(7) 

= lc/(l - ly)-k ly(l - 1(7) 

= 1(7 -|- ly — 2 1(7.ly 
= {lu-lvf 
= |lc/- ly| 

Then we only have to show that the function 

L^{m) X L^{m) —>■ R 

if, 9) - rn{fr+m{g^r-m{\f-g\^r 


is positive definite. 

Let fi, f2, ■ ■ ■, fn G LF‘{'m) and ui,U2, ■.. ,Un € R. We have to show that 


E E )“ - ^i\f^ - > 0 (3) 

i=l 7=1 

Setting uq = — /o = l0i we can write 


E E - ^i\fi - “*^7 = - E E 

i—1 j—1 i—0 j—0 

(4) 

But, for all A > 0, we have 




UiUj 


i—0 j—0 


i—0 j—0 

n n 


=-AEE”^(I^* “ (5) 

j—0 


Then, 0 is equivalent to 


EE^ 

2=0 j—0 




( 6 ) 


in the neighborhood of A = 0. 

In L'^{m), let us define the bilinear form < f,g >= m{fg). If we identify the 
elements of L?{rn) that are almost everywhere equal, then L‘^{m) is a complete 
separable metric space with this scalar product. 

Let us show that there exists a random variable X taking its values in L'^{m), 
such that 

V/ G L^(m); E (7) 
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Consider a a-stable real random variable 


y ® s„ 



where 0 < a < 1 (see prop. 1.2.12, p 15). 

As the function / e “2 ll/ll is positive definite (see remark 1^.1 (111 , by a theorem 

of Bochner-Minlos (see [H] and ESI), there exists a random variable G, such that 


V/S L^(to); =e . 


Moreover, we can suppose that G is independant from Y. 
For all / G L?{m), we compute 


E 




= E^E 
= E^E 




r 

Y 


} 

} 


= E 



As E [e = e for all 7 > 0, we get 


E 


' ^i<f,Y^/‘^G> 


= e 


- 2 “ 


mu m f V2A^/“ Y^I'^G ifofT^l .„ 

Then X = \ j— ' satisfies ([71), and f ^ e 

( V 2A G if a = 1 

negative definite. That proves © and the result follows. □ 


Remark 2.10 For all family (/i,...,/„) of Lf{m) provided with the scalar 
product previously defined, there exist p < n and a family {xi,... ,Xn) of lU’ 
such that 

~ 2;j||Rp = Wfi — fj\\L^(m) (8) 

To show this result, let us consider an orthonormal basis (ei,...,ep) of 
Vect{fi)i<i<n, and the canonical basis (ei,..., Cp) of R^. For all i, there exists 
a family (A),..., A),) s.t. fi = J2k Then the vectors (ii,..., a;„) defined 

Xt = J2k satisfy 1®. □ 

This remark allows to show directly (0 using lemma 2.10.8 in ESI, for 2a G (0, 2] 
i. e. a G (0,1]. 

Since the existence of a mean-zero Gaussian process is equivalent to the 
positive definite property of its covariance function, we can define 

Definition 2.11 A mean-zero Gaussian process = {B(J; U G A} satisfy¬ 
ing 

E [B^B(^] = i [m{Uf^ + m{Vf^ - m{U A Vf^] (9) 

where FI G (0,1/2], is called a set-indexed fractional Brownian motion (sifBm). 
H is the index of self-similarity of the process. 
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Lemma 1^21 only shows that the right side of equation is positive definite, 
which restricts the definition of the sifBm for H G (0,1/2]. Even in the simple 
case of ^ = {[0, tj; t G R+} U {0}, some examples can be found where H > 1/2 
leads to a non positive definite expression ©• 

Remark 2.12 If H = ^, the process is the well known set-indexed Brown¬ 
ian motion. Indeed, let us compute the covariance function of this process 


E 




= - [m{U) + m(V) — m{U A V)] 


As 


m{U A E) = m{U \ E) + m{V \ U) 

= m{U \ A n F) + m{y \ A n E) 
= m{U) + m{V) — 2 m{U n V) 


we have 


E 


R^ R = 


miUnV) 


which is the covariance function of the set-indexed Brownian motion. 


Remark 2.13 In the case of T = R+ and A = {[0, t]; t G R+} U {0}, the 
process B^ is the classical fBm. Indeed, the covariance function is 


E 








^2H ^ ^2H 


-\t-sn 


which is the covariance function of the fractional Brownian motion. 


Remark 2.14 In the case of T = R]/ and A is the set of rectangles of the 
form the process B^ can be seen as a multiparameter process. Then 

it is interesting to compare it with the other known multiparameter fractional 
Brownian motions (see W- 

• the Levy fractional Brownian motion is a mean-zero Gaussian process 

t G R+} such that 

Vs,tGR^; <] =i[||sf^ + ||tf^-||t-sf^] 

where H G (0,1). 

• the fractional Brownian sheet is a mean-zero Gaussian process IB^ = 

t G R+} such that 


Vs,tGR^; L;[BfBf] 





\2Hi 


where H = {Hi,..., Rat) G (0,1)^. 









As for all s,t G R;!^, 



1 

“ 2 

N 

N 

/ N 

N 

N \ 2^' 

TyH TyH 


+ W- 



- 2 Sj A 



2=1 

2=1 

\i=l 

2=1 

i=i / 


we can see that, if m is the Lehesgue measure and N > 1, is different from 
the two processes and 

This fact will be also shown in the next sections in the study of properties 
of sifbm, and its restriction on flows. It is therefore natural to wonder if the 
Levy fBm and the fBs can have set-indexed extension. The answer seems to be 
negative. 

Actually the definition of the sheet is strongly associated with the Euclidean 
structure of R^. Therefore it is incompatible with a set-indexed viewpoint. 
Moreover the Levy fBm can be seen as a simple one parameter process where 
the increment between two points only depends from distance between them. 


3 Fractal properties 

The fractional Brownian motion has two important properties which make 
it the most natural fractal process: 

• its increments are stationary 

Vh e R+; - Rf (Rf - 

• it is self-similar 

V<.£R+; 

Moreover, the fBm is the only Gaussian process which has these two properties. 

In this section, we show that in some sense these properties still hold for 
the set-indexed fractional Brownian motion. Moreover they characterize the 
covariance function of the process between two sets U and V such that U CV. 

3.1 Stationarity of the increments 

Stationarity of increments of a set-indexed process can be defined in various 
ways. The set-indexed Brownian motion satisfies all of them, but the different 
extensions of fractional Brownian motion do not. 

In the case of T = and A is the collection of rectangles, the classical 
definition of stationarity of increments can be studied. 

A process X = {A[o,t]; t € R+} is said to have stationary increments against 
translations if for all r S R:^, the two processes {AAj,. t+T-j; t € R+} and 
t G R+} have the same law. 

Both Levy fractional Brownian motion and fractional Brownian sheet satisfy 
this property of stationarity (see |2]). 
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Remark 3.1 This definition is weaker than stationarity of increments against 
isometries ofR^, i.e. for all g G ^(R^), 

{AX,([o.t]); t G R^^} {AA[o,i]; t € R^} 

where QfR^) is the group of isometries o/R^. 

On the contrary to stationarity against translations, the context of set-indexed 
processes imposes additional assumptions to the strict context of multiparameter 
processes. Actually as the image of C G C by any isometry of R^ does not 
necessarily belong to C, a stability assumption is needed for the definition to 
make sense. 

However in the strict context of multiparameter processes, this assumption does 
not need to be considered. The Levy fractional Brownian motion satisfy this 
property of increment stationarity in the strong sense (see WS)- 

However in general, there is no reason that the sifBm possesses the station¬ 
arity increments property against translations. In some particular cases, we can 
show directly using the next lemma that this property is not satisfied. 

Lemma 3.2 Let U G -4} be a sifBm of index H G (0,1/2]. For 

all C = U \ (^Ui<i<n ^ where Vi € {1,..., n} ; C/^ C U, we have 


E 


(ABg)^] =-^(-1)'= ^ m|t7A 

k—1 


n c/p 


2H 




k,l 


il<--<ik 

31<--<3l 


n v. 


A 


n v. 


2H 


( 10 ) 


Proof By definition. 


ABg = B?+y:(-i)‘ y: bs 


k—1 ii<---<ik 




Then, 


E 


(AB 


c) 


= E 




. 




i; s[: 

k,l n< 

3l<---<3l 


TyH 

r\p€{ii,...,i,,}^p' Hpetji .Jil'^p. 
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and, using the covariance function of 
, 21 


E 




2H 


2H 


m 




Pi f/p ] - m j [/ A 


n 


2H'\ 


+^E(-i)'^' E |-f n Up 

3i<---<3i y ^ 


2H 


2H 


n 


/ 




V 2H' 

m 

n Pr 

A 

n p- 


\ 




J 


( 11 ) 


Let us consider the two following terms in expression EJ: 
• term in m{U)^^ 

n 


• term in m 




2H 




2H 


2H 


E(-i)‘ E ’» n Pv 


ii<-"<ik \pG{ii,...,ik} 


k,l 


n c'p 


n<- •<ifc \ pG{n,...,2fc} 

31<--‘<3l ' 


2H 


E(-1)' E n uA 


il<-<ik \pe{ii,...,ik} 


therefore this term is equal to 


2H 


E(-i)' E ™ n uA ^(-i)'c'i = o 

k ii<---<ik \^pG{ii J l—O 

The two other terms of expression (|TT|) give the result. □ 

The main idea to define a set-indexed extension of the fractional Brownian 
motion, was to extend 


Vs, t € R+; 


E 


{B, 



\t-sr 


in 


yU, V€ A; 


E 


{Xu - Xv)^ 


m{UAVf^ 
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However, it should be more interesting to get 


VC€C; 


E 


{^Xcf 


m{Cf^ 


( 12 ) 


According to lemma, the set-indexed fractional Brownian motion 
fies 


VC/, y € A; 


E 




= m[U\V) 


2H 


satis- 


but the property m does not hold. 

Moreover, we will see that there is no set-indexed process satisfying 11211 for 
Ctheorem 14.411 . 


Proposition 3.3 Let IB^ = {iBf; t G R.^} be a fractional Brownian sheet of 
eonstant parameter El in every axis. 

For all a,b G such that a <b (i.e. Vi = 1,..., /V; < hi), we have 


E 






and consequently, For all a,b,a',b' G such that m{[a,b]) 

have 


A (B 


H\ 


i,b] 


= A (B^) 


m{[a',b']), we 


Proof For all a,b G R(^ with a b, a.s X has stationary increments against 
translations, we have 


E 




= E 
= E 

N 




'i Oji 


=ni'' 

= w([a,6]) 


\2H 


2H 


As A (B^) is a mean-zero Gaussian process, the result follows. □ 


Remark 3.4 • If a fractional Brownian sheet of index H = {Hi ,..., Rat) 

satisfies the property of proposition cm we have Hi = ■ ■ ■ = Hpf. 

• The Levy fractional Brownian motion does not satisfy this property. 
Definition 3.5 A set-indexed process X is said to be Co-increment stationary 
if for all C,C' G Cq such that m{C) = m{C'), we have AXq AXc. 

In the case of one-parameter fractional Brownian motion, the increment sta- 
tionarity property gives an equality between laws of some increment processes. 
However, in the set-indexed case, definition 13.51 does not tell anything about 
correlation between increments. 

In sectional we see that a stronger property is not worth to be considered. 

Proposition 3.6 The set-indexed fractional Brownian motion is Co-increment 
stationary. 
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Proof For all C G Co, there exist U,V £ A where V CU, such that C = U\V. 
Then AB^ = — B^py = B^ — By. We compute 


E 




E 





2 


m{UAVf^ 


Thus, as AB^ is a Gaussian process, for all C, C £ Cq such that m{C) = m{C'), 
we have AB^ AB^,. □ 


Remark 3.7 In the proof of proposition EH 


that 


VC € Co; E 


(ABg)" =m(C) 


2H 


However, in general 

E [ABg.ABg,] 7^ i - m{C A C')^"] 

In fact, it can be shown that for C = U \V where V G U, and C = U' \ V 
where V C U', and U, V,U',V' £ A 

E [AB^.ABg,] = i [m{U A V'f^ + m{V A U'f^ - m{U A U'f^ - m{V A V'f^] 


3.2 Self-similarity 

To study a set-indexed version of the notion of self-similarity for a set-indexed 
process, we need some assumptions about the set A. 

We suppose that A is provided with the operation of a non trivial group G 
that can be extended satifying 

yU,V£A,yg£G; ^.(C U G) = 5 .C U g.G (13) 

g.(U\V)= 9 .U\g.V 

and assume there exists a non constant function p : G R*J_ 

yU£A,yg£G; m{g.U) = p{g).m{U) (14) 

Remark 3.8 We can see easily that p is an group-homomorphism from G into 
the multiplicative group R+ \ {0}. 

Example 3.9 In the case of T = R)^ and A= {[0,t]; t £ R+} U {0}, we can 
consider the multiplication by elements of R 4 - 

Vg G R+,Vt G R+; g.[0,t] = [0,g.t] 

Moreover, 

yg £ R+,Vt G R+; m{g.[0,t]) = g^m{[0,t]) 

The following result will be useful in the next section. 

Lemma 3.10 Under the assumptions about the group G, the cardinal of G is 
not finite. 
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Proof As the function /j, is not constant, there exists g G G such that g,{g) > 1 
(take g s.t. fi{g) ^ 1 and then g = g or g = g~^). 

For all integer n, we have = [g{g)]^. If G is finite, the set {g”; n G N} is 

finite, which is in conflict with lim„^oo m(5") = oo. □ 


Definition 3.11 A set-indexed process X = {Xij\ U G A} is said to be self¬ 
similar of index H, if there exists a group G which operates on A, and satisfies 
m and ISp, such that for all g G G, 

{Xg,u; UgA} {pig)^.Xu; U G A} (15) 

Proposition 3.12 Assuming the existence of a group G which operates on A, 
and satisfies and the set-indexed fractional Brownian motion is 

self-similar of index H. 

Proof Let g be an element of the group G. For all U,V G A, we have 
E [^luKv] = ^ + m{g.Vf^ - m{g.U A g.Vf^] 

As g.{U A P) = g.U A g.V, we get 

E [bIuKv] = [m{Uf^ + m{Vf^ - m{U A Vf^] 

= g[gf^E 

Therefore, the two mean-zero Gaussian processes U G A^ and 

{m(s)".B^; UgA} have the same law. □ 


4 Pseudo-characterisation of sifBm 

Recall that fractional Brownian motion is the only mean-zero Gaussian process 
which is self-similar and has stationary increments. In the same way, the only 
multiparameter mean-zero Gaussian process which is self-similar and whose in¬ 
crements are stationary in the strong sense (under isometries of R^), is the 
Levy fractional Brownian motion (ESI). 

In the case of set-indexed processes, there is not such a characterisation. How¬ 
ever, the two properties of self-similarity and stationarity of increments char¬ 
acterise the covariance function of the process between any U and V such that 
U CV. 

Proposition 4.1 Suppose the existence of a non trivial group G operating on 
A, and satisfying uw and Moreover, assume the fonction g is surjective. 

Let X = {Xjj\ U G A} be a set-indexed process satisfying the two following 
properties 

1. self-similarity of index H with respect to G, 

2. Co-increment stationarity 

Then, the covariance function between two subsets U and V such that U G V 
is 

E [XuXv] = K [m{Uf^ + m{Vf^ - m{V \ (16) 
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Proof Let Uq be a non m-null fixed element of A. For all U,V € A such that 
U C V, as fi is surjective, there exists g € G such that fj,{g) = i- e. 

m(g.UQ) = m[V \ U). Then using Co-increment stationarity property, we have 


E 


{Xv - Xuf 


= E 


{AXy\u) 


= E 


{AXg,Uof 


As g.Uo € A, we have AXgjjo = Agjja and by self-similarity 


E 


{Xv — XuY 


= E 


{Xg.UoY 


= Hg)rE (XuJ 


= [miV\U)] 


2H 


E 


(XuoY 


i{Uo) 


2H 


The result follows from 1171) . □ 


(17) 


Remark 4.2 If G = (Q*,.), A = {[0, t]; t S R+} U {0} and m is the Lehesgue 
measure, we have 

Vg e Q*,\/t € R+; m{q.[o,t]) = q^.m([o,t]) 

Then, the function g, is q ^ q^, which is not surjective. The previous result 
does not hold in this case. 

Remark 4.3 Proposition EH shows that our set-indexed extension of the frac¬ 
tional Brownian motion is very natural provided the two properties of self¬ 
similarity and stationarity of the increments. 

However, if there exists a mean-zero Gaussian process with covariance func¬ 
tion 

E [XuXv] = i [m{Uf^ + m{Vf^ - m{y \ - m{U \ (18) 

it satisfies proposition mi os well. 

To determine completely the covariance function of a self-similar. Co-increment 
stationary, set-indexed process, we need assumptions about E , 

where U,V G A. 

For all U,V G A, we have AX^\Y = Xjj — Xunv and AXy^jj = Xy — Xuc\V- 
Then, 

E [AAc,\y.AAy\o/] = E [Xu.Xy] - E [Xu.Xunv] - E [Xy.Xunv] + E [Xunv? 

= E [Xu.Xy] - i + m{Vf^ - m{V \ - m{U \ Vf^] 

Particularly, assuming the independance of AXu\y and AXy\u, is equivalent 
to provided that such a process X exists. 

The property of Co-increment stationarity seems too weak to characterize 
completely the covariance of a self-similar process. It can be tempting to define 
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a process which would have a stronger kind of increment stationarity. For 
instance, does it exist a self-similar process which satisfy E [AXc]^ = 
for all C G Cl The following important result gives a negative answer to the 
problem of existence of such processes. 


Theorem 4.4 Suppose the existence of a non trivial group G operating on A, 
and satisfying and Moreover, assume the fonction p, is surjective and 
that there exist at least two incomparable sets for the partial order C. 

The only Gaussian set-indexed process X = {Xjj] U G A} such that 


yc gc- 


E 


i^XcY 


K.m{CY^ 


(19) 


where K > 0 and H G (0,1), is the set-indexed Brownian motion. 


Proof Let X be a set-indexed Gaussian process satisfying (TO . 

First, we can see that X is Co-increment stationary. Moreover, for all 17 G A 


and g G G, we have E 


(Xg.uY 


{XuY 


= K.fi{gY^ .m{UY^ = p.{gY^ .E 
Then, as X is Gaussian, we conclude that X is self-similar. Proposition lO 
implies that for all U,V G A, such that U CV, 


E [Xu-Xv] = K [m{UY^ + m{Vf^ - m{V \ Uf^] (20) 

For all Ui and A A such that Y=Ui and U 2 Ui, let us consider 
U G A such that Ui GL U and U 2 C U. The subset oi T, C = U \ {Ui U U 2 ) 
belongs to C and XXc = Xu — — Xu 2 + Xu^nU'z- Then we have 


E 


{xxcY 


\Xuf 

+ E 

\Xu,f 

+ E 

\Xu,f 

+ E 

[Xu-^ru^f 


- 2E [Xu.XuY - 2E [Xu.Xu 2 \ + 2E [Xu.Xu.nu,] 
+ 2 E[Xui.XuY\ - 2E [Xu^.XuinU2\ “ 271 


Hence 


2E [Xu^.XuYi 


\xXcf 

-E 

\Xuf 

- E 

\Xu,f 

- E 

\xuY' 

-E 

{XuiuuYi^ 


+ 2E [Xu.XuY + 2E [Xu.XuYi - 2E [Xu.Xu.nu,] 
+ 2E [Xy^.Xc/jnc/a] + 2.E [Xf/^.X^/^nc/a] 


Using we get 

2E [Xu, .XU 2 ] =K {m{U \ (Ui U t/z))^^ - m{U \ - m{U \ Ua)^^ + m{U \ (C/i n t/a))^^} 

+ K + m{U 2 f^ - m{Ui \ C/a)^^ - m(17a \ Uif^] 

( 21 ) 


Taking V G A such that U ^V, we get an expression of 2.E [Xu^-Xu^] different 
from (l?T]) a E[ Y 


Corollary 4.5 Suppose the existence of a non trivial group G operating on A, 
and satisfying and Moreover, assume the fonction g, is surjective and 
that there exist at least two incomparable sets for the partial order C. 

There exists no set-indexed process which is H-self-similar (for H Y \) 
whose increments satisfy one of the following 
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1. C-increment stationarity 


VC, C' € C; m(C) = to(C') ^ AXc = AXc' 


A for all function f : C ^ C, such that VC S C; m{f{C)) = m{C) 

{AXf^cy, Cec} ^^{AXc; c e C} 


Proof First, we can see easily that the second property implies C-increment 
stationarity. Then we only need to consider the first property. 

Let Uq be a fixed element of A. For all C G C, as /r is surjective, there exists 
g G G such that g,{g).m{Uo) = m{C), i.e. m{g.Uo) = m{C). Therefore, by 
C-increment stationarity, 


E 


{AXcY 


= E 


{Xg.UaY 


= g{gY^E [XuJ 


= m(C) 


2H 


E 


{XuoY 


m{Uo) 


2H 


By theorem oi the result follows. □ 


5 Continuity of the sifBm 

The results about the existence of a continuous version of set-indexed processes 
are not as simple as processes indexed by R+. Even in the simple case of the 
set-indexed Brownian motion, if the collection A is too rich, there does not exist 
any version which is continuous on the whole A (see ^). 

To study the continuity of a set-indexed process A, we have to consider the 
behavior of \Xij — Xv\ when U and V are close. In order to do this, we provide 
A with some distance. In the classical case of Gaussian processes, we used to 
consider the canonical distance (P{U, V) = E {Xu — XyY foi' U,V G A (see 
mm Let us mention two other distances that are also classical: 

• The measure m on T induces the pseudo-metric dm on A 

yU,VGA; dm{U,V) =m{U AV) 


we recall the definition of the Hausdorff metric duaus on /C \ 0, the 
nonempty compact subsets of T 

Vt/, IV G /C \ 0; dnausiU, V) = inf{e > 0 : U C and V C U^} 


The notion of continuity depends of the distance considered. However, if 
{A, dm) (resp.(Vl, duaus)) is compact, then d-continuity and dm-continuity (resp. 
dffaus-continuity) are equivalent (see ^). 
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For any function x : .4 ^ R, define 

||x|U = sup |x(A)| 

AeA 

and let 

B{A) = {x : ^ > R; llxjlx < 00 } . 

Let C (yl) denote the class of functions in B{A) which are di/aus-continuous on 

Then, studying d-continuity, we consider the balls B[U, e) = {V € A] d{U, V) < e}, 
and the metric entropy D{»]A,d) of (-4, d), which gives the smallest number 
D[e]A, d) of balls of radius e > 0 required to cover A. 

If {A^d) is totally bounded, i.e. D(e;^, d) is finite for all e > 0, then under 
the assumption 

\/lnII(e; A^ d).de < 00 
Dudley’s theorem states that the process X has a continuous modification (see 

Q], [3], uni). 

Theorem 5.1 Let U € yl} be a set-indexed fractional Brownian 

motion. 

The two following statements are equivalent 

1. B^ is almost surely continuous on A. 

2. the set-indexed Brownian motion W is almost surely continuous on A. 


Proof As 


VC/, D e A; 


E 





(a [(W[/ - Wy)^]) 


2H 


( 22 ) 


the two canonical pseudo-metrics associated to the set-indexed fractional Brow¬ 
nian motion B^ and the set-indexed Brownian motion W, are equivalent. □ 


A simple consequence of this result is that the sifBm has a continuous mod¬ 
ification on rectangles of R^. 

A deeper study of regularity of the set-indexed fractional Brownian motion 
is the object of a forthcoming article. In particular. Holder continuity will be 
investigated. 


6 sifBm on increasing paths 

The notion of flows is the key to reducing the proofs of many of theorems on 
characterization and weak convergence to a one-dimensional problem (see iia)- 

6.1 Generality on flows 

In general, A{u) is not closed under countable intersections, so we will occasion¬ 
ally require a larger class A{u) , which is the class of countable intersections of 
sets in A{u): i.e. U € A{u) if there exists a sequence (C/n)neN in A{u) such 
that n„ Un = U. 
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Definition 6.1 Let S = [a, 6] C R. An increasing function f : S A{u) is 
called a flow. 

• A flow f is right-continuous if 

f{s) = n .f{v)ys € [a,b), 

V^S 

and f{b) = [ju<bfM- 

• A flow f is continuous if it is right-continuous and 

/(■s) = U f{u) Vs G (a, 6). 

n<s 


• A flow f is simple if there exists a finite seguence (to, ...tn) with a = 
to ^ ^ tn = b and flows fl : [ti-i,ti] A, i = 1, ...,n such that for 

s G [ti-i,ti], f{s) = ffls) U Uj=i 

Any process X indexed by A can be projected by a simple flow / onto a 
process indexed by a subset of R: 

Definition 6.2 Let X be an A-indexed process and f a simple flow on S = 
[a,b]. Then the S-indexed process X^ is defined as follows: 

X^is) :=Xy(,), VsG5. 


xf is called the projection of X along f. 

In the case that X can be extended to an additive process on A{u), X can 
be projected by any arbitrary flow according to the preceding definition. 

The following lemma shows the importance of the concept of flows for set- 
indexed processes. 

Let S(^A) denote the class of simple continuous flows defined on [0,1]. 

Lemma 6.3 (ini ) The finite dimensional distributions of an (additive) A- 
indexed process X determine and are determined by the finite dimensional dis¬ 
tributions of the class (X^ : f G /S'(A)}. 

In this section, we study the set-indexed fractional Brownian motion on 
flows. 

6.2 Levy fractional Brownian motion and fractional Brow¬ 
nian sheet on flows 

As a preliminary, let us study the classical cases of Levy fractional Brownian 
motion and fractional Brownian sheet. 

Let us consider T = R^ and A = {[0, t]; t G R.+} U {0}. We can associate to 
any flow /, an increasing function / : [ 0 , 1 ] ^ R^ such that 

VtG[0,l]; f{t) = [0,f{t)] 
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• If is a Levy fBm of index H G (0,1), 


Vs,te [0,1]; 


E 




= \\m-f{s)r^ 


Then, if /(<) = t.a, where a G R+, is a classical fractional Brow¬ 

nian motion, otherwise it is not. 

• If IB-^ is a fBs of index H G (0,1), 


N 


Vs, f G [0, Ij; E 


/(s) fit) 


= ]l \ [Msf^ + - \hY) - Ms)\ 


\2H 


Then, if the function / is a line parallel to one axis of R]^, the process 
is a fractional Brownian motion. However, if f{t) = t.a, where 
aG R]^, 


Vs,t G [0,1]; 


E 


Bf, 

/(s) fit) 




N 


i=l 



which is not a fBm. 


In the two cases of the classical multiparameter extensions of the fractional 
Brownian motion, we saw that the projection of the process along a flow, is not 
in general a real-indexed fBm. 


6.3 sifBm on flows is a standard fBm 

Our definition for a set-indexed fractional Brownian motion is also justified by 
the following proposition. 

Proposition 6.4 Let be a set-indexed fractional Brownian motion, and f 
be a flow on [0,1]. Then the process (B^)t = tG [0,1]| is a time- 

changed fractional Brownian motion. 


Proof The process (B^)-^ is clearly a mean zero Gaussian process indexed by 
[0,1]. Moreover, its covariance function can be computed 


E 


rjif XiH 

^fis)^fit) 


i {m[f{s)r^ + m[f{t)r^ - m[/(s) A f{t)r^} 


For all s < t, we have /(s) C /(t) and then 


E 


X^H xyH 

^fis)^fit) 


= 2 {m[f{s)r + - Hf{t) \ fis)r^} 

= \ - im[f{t)] - m[/(s)])^^| 


The function 9 : [0,1] ^ R+ such that for all t G [0,1], 9(t) = m[f{t)] is clearly 
increasing. Thus it defines a time change and we have 


Vs,tG[0,l]; E 


t:>H TyH 


= + 0{tf^-\9{t)-6{s)\^^} (23) 
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Then t S R+l is a classical fractional Brownian motion. □ 

Proposition lOI allows to identify the self-similarity index of the sifBm, as 
the Holder exponent of the projection along any flow. 

Let us recall the definition of the two classical Holder exponents of a stochas¬ 
tic process X a.t to £ R+ : 

• the pointwise Holder exponent 

/ N [ , |Xt-XJ 1 

Oix{to) = sup < a : hmsup sup - < oo > 

I p^O s,t£B{to,p) P \ 


• the local Holder exponent 


^x{to) = sup 



hmsup sup —j-j— < oo 

P^o s,t£B{to,p) r 'S| 


Corollary 6.5 Let be a set-indexed fractional Brownian motion with self¬ 
similarity index H. The pointwise and local Holder exponents of the projection 
along any flows f at to £ [0,1], satisfy almost surely 


Q:(B")/(io) 


ag{to).H ifag{to)<l 
H otherwise 




ag{to).H ifag{to)<l 

H otherwise 


where 6 is the real function such that 6(t) = m [f(t)] (it £ [0,1]^, and agito) 
(resp. agito)) is the pointwise (resp. local) Holder exponent of 6 at to- 


Proof Let / be a flow and (B-^)-^ the projection of B^ along /. By (I2dll . we 
have 


Vs, t e [0,1]; E 


B^){-(B^){ 


= |0(t)-0(s)| 


2H 


If 6 is differentiable on [0,1], for all to £ [0,1] and p > 0, 
Vs, t £ B{to, p); \6{t) - 6»(s)| ~ iV.|t - s| 

as p tends to 0. Then, 


isfl £ B{to,p); E 


B^){ - (B^){ 


K.\t- 


\2H 


In 1^, we see that equation HU implies 

P {Vto V [0, 1]; OC^^nyflo) = a(Bn)/(to) = H} = 1 
If 6 is not differentiable in to V [Oj 1] (i-e- if ctgflo) < 1), 

(B^)f-(B^ 


E 


ia < agflo)', limsup sup - . 

p^o s,teB(to,p) b ~ 


(24) 


(25) 


\2a.H 


^ = 0 
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and 


Va > ae{to)-, 


lim sup sup 





+ 00 


then, = a 0 {to).H almost surely (see [S])- 

In the same way, we get (to) = ae{to).H almost surely. 


Remark 6.6 As a set-indexed process on a flow only depends on its covariance 
between subsets U and V such that U G V, the result stated in proposition 
still holds for the set-indexed mean-zero Gaussian process defined by m- 
More generally, it holds for all process which is self-similar and Co-increment 
stationary. Therefore this result lends additional support that such a process 
could be called a set-indexed fractional Brownian motion. 

7 Concluding remarks 

The preceeding discussions permit the following general definition 

Definition 7.1 A set-indexed Gaussian process which is self-similar of index 
H G (0,1) and Co-increment stationary, is called general set-indexed fractional 
Brownian motion. 

Corollary 7.2 Let X = {Xu; U G .4} be a general set-indexed fractional Brow¬ 
nian motion. Then, 

1. For all H G (0,1/2], such a process exists fPehnition VA. 1 

2. for any flow f, X^ is a time-changed real-indexed fractional Brownian 
motion, 

3. the covariance function between two subsets U and V such that U GV is 

E [XuXv] = K [m{Uf^ + m{Vf^ - m{V \ Uf^] . 
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